Abstract. We prove that Pride's quasi-order [13, 2] on the space G of finitely generated groups is complete Kσ.
Let F m be the free group on the generators {x 1 , · · · , x m }. Then for each marked group (G, (s 1 , · · · , s m )), we can define an associated surjective homomorphism θ G,s : F m → G by θ G,s (x i ) = s i . It is easily checked that two marked groups (G, (s 1 , · · · , s m )) and (H, (t 1 , · · · , t m )) are isomorphic iff ker θ G,s = ker θ H,t . Thus we can naturally identify G m with the set N m of normal subgroups of F m . Note that N m is a closed subset of the compact space P(F m ) of all subsets of F m and so N m is also a compact space. Hence, via the above identification, we can regard G m as a compact space. In the literature, the Polish spaces N and G are usually completely identified.
However, in this paper, it will be convenient to distinguish between these two spaces.
2.2.
Borel equivalence relations and quasi-orders. If X is a Polish space, then the binary relation R ⊆ X 2 is said to be Borel iff R is a Borel subset of
If R is the union of countably many compact subsets of X 2 , then R is said to be a K σ relation on X. For example, by Thomas [15] , the isomorphism ∼ =G and virtual isomorphism ≈ V I relations are both K σ equivalence relations on the space G of finitely generated groups; and Lemmas 3.1 and 4.1 imply that s , p are K σ quasi-orders and that ≈ s , ≈ p are K σ equivalence relations on G.
If R 1 , R 2 are Borel binary relations on the Polish spaces X 1 , X 2 respectively, then R 1 is said to be Borel reducible to R 2 , written R 1 ≤ B R 2 , iff there exists a Borel map f :
R 1 and R 2 are said to be Borel bireducible, written
and R 2 ≤ B R 1 ; and we write R 1 < B R 2 if both R 1 ≤ B R 2 and R 2 B R 1 . For example, by Thomas [14] , we have that ∼ =G < B ≈ V I .
By Louveau-Rosendal [7] , the classes of K σ quasi-orders and K σ equivalence relations admit complete elements. Here, for example, the K σ equivalence relation E Kσ is said to be complete iff E ≤ B E Kσ for every K σ equivalence relation E.
(Clearly this property uniquely determines E Kσ up to Borel bireducibility.) By Louveau-Rosendal [7] , the following relation ⊆
is an example of a complete
is the quasi-order on the Polish space P(Z 2 ) defined by
Remark 2.3. By considering the Borel map S → (Z 2 S), it follows that the reverse quasi-order ⊇
is also complete K σ . This easily implies that if is any complete K σ quasi-order, then is also complete K σ .
Remark 2.4. It is easily checked that the quasi-order ⊆ * on P(N), defined by Let F n = x 1 , · · · , x n be the free group on n generators. Then a nontrivial reduced word w ∈ F n is said to be cyclically reduced iff the first and last letters of w are not inverses of each other. In this paper, we shall only consider presentations
such that every relator r ∈ R is cyclically reduced. If R ⊆ F n is a set of cyclically reduced words, then the symmetrization R * of R is defined to be the smallest subset R ⊆ R * ⊆ F n such that the following conditions are satisfied:
(a) if r ∈ R * , then r −1 ∈ R * ; and (b) whenever r = uv ∈ R * is the freely reduced product of the subwords u and v, then the cyclic conjugate r * = vu ∈ R * .
Of course, since vu = u −1 uvu, it follows that the presentation
defines the same group G as the presentation (2.4). The presentation (2.4) is said to be symmetrized iff R = R * .
Definition 2.5. The presentation (2.4) is said to satisfy the C (1/6) cancellation condition iff whenever r 1 = r 2 ∈ R * are distinct elements with r 1 = bc 1 and r 2 = bc 2 as freely reduced words, then |b| < 1/6 min{ |r 1 |, |r 2 | }.
Here |w| denotes the length of the word w ∈ F n .
In the next section, we shall make repeated use of the following fundamental result, which is due to Greendlinger [3] . (A proof can also be found in Lyndon-
Theorem 2.6. Suppose that G = x 1 , · · · , x n | R is a symmetrized presentation which satisfies the C (1/6) cancellation condition. Let w be a nontrivial cyclically reduced word in x 1 , · · · , x n such that w = 1 in G. Then there exists a cyclically reduced conjugate w * of w and a relator r ∈ R such that w * contains a subword s of r with |s| > 1/2 |r|.
The surjectivity relation
In this section, we shall show that the surjectivity relation s is a complete K σ quasi-order on the space G of finitely generated groups. This implies that the associated equivalence relation ≈ s is a complete K σ equivalence relation.
Lemma 3.1. s is a K σ quasi-order on the space G of finitely generated groups.
Instead of working directly with G, it will be more convenient to work with the space N of normal subgroups N of the free group F ∞ on countably many generators such that N contains all but finitely many elements of the basis X = {x i | i ∈ N + }.
Let Aut f (F ∞ ) be the subgroup of Aut(F ∞ ) generated by the elementary Nielsen
where α i is the automorphism sending x i to x
and leaving X {x i } fixed; and β ij is the automorphism sending x i to x i x j and leaving X {x i } fixed. Then the natural action of the countable group Aut f (F ∞ ) on F ∞ induces a corresponding action as a group of homeomorphisms on the space
It is easily checked that the inclusion relation ⊆ is a K σ relation on N . Hence Lemma 3.1 is an immediate consequence of the following result.
Lemma 3.2. If N , M ∈ N , then the following conditions are equivalent.
Of • ψ(c) = cd and ψ(x) = x for all x ∈ { a, b, d }.
Then for each S ∈ X , we define
where
Of course, the group ϕ, ψ = { ϕ m ψ n | m, n ∈ Z } is isomorphic to Z 2 . It is conceivable that the map S → G S is already a Borel reduction from ⊆ Z 2 to s .
However, for our purposes, it is enough to prove the following strictly weaker result.
Theorem 3.4. If S, T ∈ X , then the following conditions are equivalent.
(ii) There exists a surjective homomorphism θ : G S → G T with the property
We shall begin by proving the easier of the two implications.
Lemma 3.5. If S, T ∈ X and S ⊆ Z 2 T , then exists a surjective homomorphism
Since z / ∈ θ[ a, b ], we also have that:
Hence, except possibly for some cancellation within θ(x n+1 ) z −1 θ(x 1 ), the word w is cyclically reduced. Applying Theorem 2.6, it follows easily that there exists an integer i and a pair (k, ) ∈ T such that one of the following two possibilites occurs: 
17 is cyclically reduced. Hence, applying Theorem 2.6, it follows easily that there exists a pair (k , ) ∈ T such that one of the following four possibilities occurs:
Since {k | (∃ ) (k, ) ∈ S} and { | (∃k) (k, ) ∈ S} are both infinite, we can choose
and it then follows that
Hence π = ϕ m and τ = ψ n , where m = k − k and n = − . It follows that for each r ∈ R (m,n)+S , we have that r = 1 in G T . Since the presentation
satisfies the C (1/6) cancellation condition, it follows that R (m,n)+S ⊆ R T and hence (m, n) + S ⊆ T . This completes the proof of Theorem 3.4.
Definition 3.9. For each S ∈ X , let H S be the free product with amalgamation
where A = a, b and V is an elementary abelian group of order 2 5 ; and let K S be the free product with amalgamation
where D = c, d * V and W is an elementary abelian group of order 3 10 .
Remark 3.10. For later use, note that since G S is a 4-generator group, it follows that there does not exist a surjective homomorphism from G S onto V ; and hence there does not exist a surjective homomorphism from G S onto H S . Similarly, there does not exist a surjective homomorphism from H S onto K S .
As explained in Subsection 2.2, Theorem 1.7 is an immediate consequence of the following result. Finally, the following result will play an important role in the next section. 
But then both
are in reduced form and it follows that uv = vu, which is a contradiction.
Pride's Quasi-order
In this section, we shall show that Pride's quasi-order p is a complete K σ quasiorder on the space G of finitely generated groups. This implies that the associated equivalence relation ≈ p is a complete K σ equivalence relation. As explained in Remark 2.4, this also implies that there exists an embedding of the induced partial
Lemma 4.1. p is a K σ quasi-order on the space G of finitely generated groups.
Proof. First notice that if G, H ∈ G, then G p H iff there exist groups G , H ∈ G such that G ≈ V I G, H ≈ V I H and G s H . Applying Thomas [15, 6.4] and Lemma 3.1, the virtual isomorphism relation ≈ V I and the surjectivity relation s are both K σ subsets of G 2 . It follows easily that each of the following is a K σ subset of G 4 :
In the remainder of this section, adapting the ideas of Thomas [14, Section 2], we shall define a Borel reduction S → W S from ⊆ Z 2 to p . Throughout this section, Γ will denote an infinite finitely generated simple group, which satisfies the following additional properties:
• Every proper subgroup of Γ is finite.
• Every automorphism of Γ is inner.
For the existence of such a group Γ, see Obraztsov [12] .
Definition 4.2. For each S ∈ X , let
where K S is the finitely generated group given by Definition 3.9.
Theorem 4.3. The map S → W S is a Borel reduction from ⊆ Z 2 to p .
Here K S wrΓ denotes the (restricted) wreath product of K S by Γ, which is defined as follows. For each function b : Γ → K S , the support supp(b) is defined to be
and the base group B S of K S wr Γ is defined to be
equipped with pointwise multiplication; i.e. if b, c ∈ B S , then
for all α ∈ Γ. There is a natural action of Γ on B S defined by
and K S wr Γ is defined to be the corresponding semidirect product
with multiplication defined by
As usual, we identify Γ and B S with the corresponding subgroups of K S wr Γ and we write γb instead of ( γ, b ). 
We shall begin by proving the easier direction of Theorem 4.3.
Proof. By Lemma 3.12, if S ⊆
Z
The next two lemmas explain how to recognize the group K S within any group
Lemma 4.6. If S ∈ X and L S W S is a subgroup of finite index, then L S has no nontrivial finite normal subgroups.
Proof. This is an immediate consequence of Thomas [14, Lemma 2.2].
Lemma 4.7. Suppose that S ∈ X and that L S W S is a subgroup of finite index.
Let F ⊆ Γ be a finite subset with |F | ≥ 2 and let γ ∈ F . Then for each g ∈ K S , there exists an element b ∈ B (F ) S ∩ L S such that b(γ) = g; and hence
Furthermore, by Neumann [10, Theorem 4.1 and Corollary 4.5], we have that
1, otherwise.
In particular, the homomorphism ψ :
For the remainder of this section, suppose that S, T ∈ X and that W S p W T .
Then, applying Lemma 4.6, there exist subgroups
Since Γ is an infinite simple group and [Γ :
is a nontrivial normal subgroup of Γ and
On the other hand, we also have that
and hence [ Γ, Γ ] = 1, which is a contradiction. Since every automorphism of Γ is inner, after adjusting π by an inner automorphism of L S if necessary, we can suppose that ϕ(γ) = γ for all γ ∈ Γ.
Express c = γd, where d ∈ B S ∩ L S and γ ∈ Γ. Then
Proof. Suppose that there exists γ ∈ Γ such that π[ B 
Applying Lemma 4.10, since K T is infinite and finitely generated, there exists a
Lemma 4.12. There exists a fixed γ 0 ∈ Γ such that
Proof. First we will consider the case when F = {1}. Suppose that b ∈ B If γ ∈ Γ is arbitrary, then π(γ) = f γ for some f ∈ B T ∩ L T and so This completes the proof of Theorem 4.3.
